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Motivated by a conjecture of Mazur, Kuwata and Wang proved that for elliptic
curves E1 and E2 whose j-invariants are not simultaneously 0 or 1728, there exist
inﬁnitely many square-free integers d for which the rank of the Mordell–Weil group
of the d-quadratic twists of E1 and E2 satisfy: rkðE1d ;QÞ > 0 and rkðE2d ;QÞ > 0:Here
we present results for the related questions: Are there inﬁnitely many square-free
integers d for which: rkðE1d ;QÞ ¼ 0 and rkðE2d ;QÞ ¼ 0? And, are there inﬁnitely
many square-free integers d for which: rkðE1d ;QÞ ¼ 0 and rkðE2d ;QÞ > 0? # 2002
Elsevier Science (USA)1. INTRODUCTION
Let E=Q be an elliptic curve deﬁned by
E : y2 ¼ x3 þ ax þ b ¼ PðxÞ; ð1:1Þ
where PðxÞ 2 Z½x; and let LðE; sÞ ¼Pn51 aðnÞns be its associated Hasse–Weil
L-function. The coefﬁcients aðnÞ are completely determined by those with
prime index, and if p[M is prime, then
aðpÞ ¼ p þ 1 NðpÞ; ð1:2Þ
o whom correspondence should be addressed.
388
22-314X/02 $35.00
2002 Elsevier Science (USA)
ll rights reserved.
MORDELL–WEIL RANKS OF ELLIPTIC CURVES 389where NðpÞ denotes the number of points in E˜; the reduction of E modulo p;
for nonsingular E˜: We now know by the works of Breuil et al. [B-C-D-T],
Conrad et al. [C-D-T], Diamond [D] and Wiles [Wi] that all elliptic curves
over Q are modular, and so LðE; sÞ is the Mellin transform of a weight 2
newform FðzÞ ¼P1n¼1 aðnÞqn 2 S2ðG0ðMÞ; w0Þ; where M is the geometric
conductor of E; w0 is the trivial character, and q ¼ e2piz:
In this paper we are interested in the family of elliptic curves given by
quadratic twists. In particular, for E given by (1.1), we consider the elliptic
curve ED : Dy
2 ¼ PðxÞ for any fundamental discriminant D: In this case
LðED; sÞ is, up to at most ﬁnitely many Euler factors, the Hecke L-function
of the twisted modular form ðF 
 wDÞðzÞ ¼
P
n51 wDðnÞaðnÞqn; where wDðÞ
is the Kronecker character associated with the quadratic ﬁeld Qð ﬃﬃﬃﬃDp ).
A well-known conjecture of Goldfeld [G] asserts that
X
jDjoX
rkðED;QÞ  1
2
X
jDjoX
1;
where rkðE;QÞ is the rank of the Mordell–Weil group of E over the
rationals. Goldfeld’s conjecture together with the Birch and Swinnerton-
Dyer conjecture, from now on BSD conjecture, which states that rkðE;QÞ is
equal to the order of vanishing of LðE; sÞ at s ¼ 1; implies that the rank of
almost every curve ED is dictated by the sign of the functional equation of
LðE; sÞ: Goldfeld’s conjecture remains open. In fact, if we consider the
quantities MrEðXÞ ¼ #fjDjoX : rkðED;QÞ ¼ rg; it is not even known that
MrEðX Þ  X ð1:3Þ
for r ¼ 0; 1:
While Iwaniec and Sarnak [I-S] prove (1.3) under the Riemann
hypothesis, unconditional results are still far from optimal. If we restrict
to r ¼ 0; the best result in full generality is due to Ono and Skinner [O-S].
They proved M0EðX Þ  X=log X : Ono [O] improved the result to M0EðXÞ 
X=ðlog X Þ1a for some positive a and any elliptic curve E over Q without
rational 2-torsion. There are, however, cases where this weaker conjecture
for r ¼ 0 is known to be true including the case of a semistable elliptic curve
with rational 3-torsion and good reduction at 3, proved by Vatsal [V2],
those of James and Ono [J-O,J], or in the case of certain elliptic curves with
full 2-torsion over Q:
For r ¼ 1 less is known. The best general result is given by Perelli and
Pomykala [P-P] who showed M1EðXÞ  X 1e:
We have to mention the work of Vatsal [V1] where he proved the
conjecture for the modular curve X0ð19Þ:
COOGAN AND JIME´NEZ-URROZ390Theorem A. Let E be the curve X0ð19Þ: Then we have the estimate
MrEðXÞ  X ;
for r ¼ 0; 1:
For two nonisogenous elliptic curves, E1 and E2; it is natural to consider
whether the following statements are true:
(i) There exist inﬁnitely many square-free integers d such that rkðE1d ;
QÞ > 0 and rkðE2d ;QÞ > 0:
(ii) There exist inﬁnitely many square-free integers d such that rkðE1d ;
QÞ > 0 and rkðE2d ;QÞ ¼ 0:
(iii) There exist inﬁnitely many square-free integers d such that
rkðE1d ;QÞ ¼ 0 and rkðE2d ;QÞ ¼ 0:
These assertions are closely related with Mazur’s conjecture about the
topological closure of the set of rational points on algebraic varieties V=Q
(see [Ma, Conjectures 1 and 4] for details). In fact Kuwata and Wang, in
their work [K-W] on Mazur’s conjecture prove assertion (i) for elliptic
curves whose j-invariants are not simultaneously 1728 or 0. However, little
progress has been made in the direction of (ii) or (iii).
This note concerns assertions (ii) and (iii). In the direction of (ii) we state
two results. Using the results given by James [J], concerning elliptic curves
related to special ternary quadratic forms, and Vatsal [V1], concerning
twists of the modular curve X0ð19Þ; we obtain the following theorem.
Theorem 1. Let E be an elliptic curve over Q which is associated to two
ternary quadratic forms in the sense of Theorem C below. Suppose that 3[dQ1
and that Ra|: Then, for a certain integer q > 0 fixed, a positive proportion of
positive square-free integers d have the property that
rkðE3qd ;QÞ ¼ 0 and rkðX0ð19Þd ;QÞ ¼ 1:
Assuming BSD, we can give an afﬁrmative answer to question (ii) for a
general elliptic curve.
Theorem 2. Let E1=Q be an elliptic curve with conductor M1 and E2=Q
an elliptic curve with conductor M2; and let
DX :¼ fd; a fundamental discriminant j jdjoXg:
Assuming the BSD conjecture, if M1 and M2 are coprime, then
#fd 2 DX jrkðE1d ;QÞ ¼ 0 and rkðE2d ;QÞ > 0g E1;E2 X=log X :
MORDELL–WEIL RANKS OF ELLIPTIC CURVES 391In the direction of (iii) we prove
Theorem 3. Let E1 : y2 ¼ P1ðxÞ and E2 : y2 ¼ P2ðxÞ be two elliptic
curves over Q without Q rational 2-torsion points. Then there exist
fundamental discriminants D1;D2 and a set of primes T of positive density
such that
rkðE1dD1 ;QÞ ¼ rkðE2dD2 ;QÞ ¼ 0;
where d is any product of an even number of distinct primes in T.
While the BSD conjecture remains open, the study of ranks of elliptic
curves is still intimately related to the study of the critical values of L-series.
In fact, a celebrated theorem of Kolyvagin [K], allows us to conclude quite a
bit about an elliptic curve based on the behavior of its L-series. For our
purpose it will be enough to know the following particular case of his
theorem,
Theorem B. If E is an elliptic curve defined over Q with ords¼1ðLðE; sÞÞ
41; then rkðE;QÞ ¼ ords¼1ðLðE; sÞÞ:
There have been many works on the behavior of the central critical values
of the L-functions of a general newform with trivial Nebentypus FðzÞ ¼P
n51 aðnÞqn 2 S2kðG0ðNÞ; wÞ: In the case of families of quadratic twists, a
well-known theorem of Waldspurger [W] reveals that the values of the
twisted L-functions at the critical point LðF 
 wD; kÞ are encoded by the
coefﬁcients of certain half integral weight modular forms. Via this theorem,
Ono [O] was able to prove a general result about nonvanishing of L-
functions for quadratic twists of an even weight newform. His result comes
from a combination of Waldspurger’s Theorem and his own Theorem 2.2
[O]. However, this device is more general, and a straightforward
modiﬁcation of these arguments allow us to prove the analogous result
for two families of twists simultaneously. In particular, we prove:
Theorem 4. For i ¼ 1; 2; let FiðzÞ ¼
P1
n¼1 aiðnÞqn be weight 2ki new-
forms of levels Ni; and trivial character, and let K be a number field containing
the coefficients aiðnÞ: Consider a place v of K over 2. If there exists a prime
p[2N1N2 such that
ordvða1ðpÞÞ ¼ ordvða2ðpÞÞ ¼ 0; ð1:4Þ
then there exist a set of primes T of positive density and fundamental
discriminants D1;D2 such that
LðFdD1 ; k1ÞLðFdD2 ; k2Þa0;
COOGAN AND JIME´NEZ-URROZ392whenever d is a product of an even number of distinct primes in T not dividing
D1D2:
In view of Theorem 4, applied to the case of k1 ¼ k2 ¼ 1; the proof of
Theorem 3 is a matter of verifying the technical condition (1.4) for the
coefﬁcients of the L-functions of E1 and E2: We will use deﬁnition (1.2) of
the coefﬁcients aðpÞ and Galois theory for this purpose.
2. PROOF OF THEOREMS 1 AND 2
We begin by stating James’ theorem for convenience. To do so we
introduce some notation. Let Q be a primitive positive deﬁnite ternary
quadratic form with discriminant dQ and denote the square-free part of dQ
by dsfQ : Then deﬁne yQ ¼
P
x;y;z2Z q
Qðx;y;zÞ: It is well known that yQ is a
modular form of weight 3/2, and a theorem of Siegel states that ðyQ1  yQ2Þ
is a cusp form whenever Q1 and Q2 are two primitive positive deﬁnite
ternary quadratic forms belonging to the same genus. Moreover, given a
newform f and a Dirichlet character w we know that f 
 wðzÞ is a Hecke
eigenform and there exist a newform f  wðzÞ with the same eigenvalues as
f 
 wðzÞ for all but ﬁnitely many Hecke operators.
Theorem C. Suppose that Q1 and Q2 are the only even integral primitive
positive definite ternary quadratic forms in a genus of forms. Let Ai denote the
number of automorphs of Qi ði ¼ 1; 2Þ: Assume that 3[A1A2 but 3jA1 þ A2:
Suppose also that f ¼ ðyQ1  yQ2Þ 2 S3=2ðN; wqÞ is a Hecke-eigenform which
lifts through the Shimura correspondence to a cusp form F 2 S2ðN=2Þ: Let G
denote the unique weight 2 newform of trivial character having lpðFÞ ¼ lpðGÞ
for all but finitely many of the primes p and let NG denote the level of G: Put
R ¼ fa 2 ðZ=4dsfQ1ZÞ
n : 9 a square-free n  aðmod 4dsfQ1Þ with 3[anð f Þg; and
d ¼ #R
8dsfQ1
Q
pjdsf
Q1
ð1 1
p2
Þ:
Then, the set of square-free natural numbers n such that LðG  wqn; 1Þa0 has
lower density at least d in the square-free natural numbers.
The proof of the above theorem relies on a theorem of Davenport and
Heilbronn [D-H] as improved by Nakagawa and Horie [N-H]. In particular
let m;T be two positive integers satisfying the conditions:
(i) If p is an odd prime and pjðm;TÞ then p2jT ; and p2[m:
(ii) If 2jT then, either 4jT and m  1ðmod 4Þ or 16jT and m  8 or
12ðmod 16Þ:
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ﬁelds Qð ﬃﬃﬃdp Þ for do0 in the arithmetic progression Dd  mðmod TÞ and
denote hðDdÞ the class number of the ﬁeld Qð
ﬃﬃﬃ
d
p Þ:
Theorem D. With the notation above there exist a subset S of T2 ðm;TÞ
having lower density at least 1/2 in T2 ðm;TÞ such that if Dd 2 S then 3[hðDdÞ:
Proof of Theorem 1. For the proof we will combine Theorem C with
Theorem IV in [V1].
Using the notation of Theorem C, we say that n is a good number if for
some a 2 ðZ=4  dsfQ1ZÞ
n we have
* n > 0; n  21; 33 ðmod 4  9Þ; ðn; 19Þ ¼ 1;
* 19 is inert in Qð ﬃﬃﬃnp Þ;
* n  a ðmod 4dsfQ1Þ:
Let
R ¼ fa 2 ðZ=4  dsfQ1ZÞ
n : 9 square-free n good; and 3[anð f Þg:
Suppose that 3[dQ1 and that Ra|: Then applying Theorem D to m ¼
a 2 R and T ¼ 4  9  19dsfQ1 ; we see that for a set of positive density of
square-free good integers n  aðmod TÞ; 3[hðDnÞ: Hence, analogously to
the proof of Theorem C [J, Proposition 3.1] we deduce that for a set of
positive density of square-free good integers n  aðmod TÞ we have, for G in
Theorem C, LðG  wqnÞa0 and 3[hðDnÞ: In addition, if we write n ¼ 3c
and consider, following the notation in [V1] the quadratic ﬁelds k ¼
Qð ﬃﬃcp Þ; k0 ¼ Qð ﬃﬃﬃﬃﬃﬃﬃﬃ3cp Þ with quadratic Galois characters associated c and c0;
respectively, and F the form parametrizing X0ð19Þ; then c is in the
conditions of Theorem IV in [V1] and we conclude by following the
argument in that theorem that s ¼ 1 is a simple zero of LðF
 c; sÞ; the L-
function of the c-quadratic twist of X0ð19Þ: We just have to use Theorem B
to deduce Theorem 1 for the curves E3cq and X0ð19Þc for a positive
proportion of square-free integers c: ]
An immediate example is obtained by letting E be the curve of conductor
14 that is associated to the modular form obtained from the following two
quadratic forms:
Q1ðx; y; zÞ ¼ x2 þ 7y2 þ 7z2
and
Q2ðx; y; zÞ ¼ 2x2 þ 4y2 þ 7z2  2xy:
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f ¼ ðyQ1  yQ2Þ; James found that for all congruence classes in Z=56Z that
are congruent 1,5 or 7 mod 8 and 1, 2 or 4 mod 7; there is a square-free n
with 3[anð f Þ: Therefore, there are 162 residue classes in Z=7  8  9  19Z
which meet these congruence requirements and those of [V1]. By Theorem
D, at least 1/2 of the square-free integers in these congruence classes have
class number not divisible by 3.
Proof of Theorem 2. As in the previous section, let FðzÞ 2 S2ðG0ðMÞ; w0Þ
be a new form associated to certain elliptic curve E and F 
 wDðzÞ be the
D-quadratic twist of FðzÞ for D such that gcdðD;MÞ ¼ 1:
It is well known (see [I]) that the complete L-function LðF 
 wD; sÞ is
entire and veriﬁes the functional equation
LðF 
 wD; sÞ ¼ e  wDðMÞLðF 
 wD; 2 sÞ;
where e is the sign of the functional equation for LðF ; sÞ:
Notice that if ewDðMÞ ¼ 1 then LðF 
 wD; 1Þ is trivially zero. Let
F 1ðzÞ;F2ðzÞ be associated to E1 and E2 in Theorem 2, respectively. We will
look for fundamental discriminants such that e1wDðM1Þ ¼ e2wDðM2Þ:
Following the notation in Corollary 3 in [O-S] (see [O-S, Deﬁnition]),
consider the sets p ¼ fp prime : p jM1M2g and e 2 f1gjpj such that
Pðe; pÞ ¼ fd fundamental discriminant je1wDðM1Þ ¼ e2wDðM2Þg:
Since ðM1;M2Þ ¼ 1; a direct application of Corollary 3 of [O-S] to either F1
or F2 together with BSD conjecture implies the theorem. ]
Remark. There are more ways to assure that the signs of the functional
equations of two L-series associated to two modular elliptic curves twisted
by a common fundamental discriminant are different, but this one will
sufﬁce for our purposes here.
3. PROOF OF THEOREMS 3 AND 4
From now on, given any newform FðzÞ ¼Pn50 aðnÞqn 2 S2kðN; wÞ; we
will call gF ðzÞ ¼
P
n50 bðnÞqn the half integral weight modular form
guaranteed by a reﬁnement of Waldspurger’s theorem by Ono and Skinner.
We will use the notation and statement of this result given by Theorem 3.4
in [O]. Then,
b2ðDÞ ¼ CðDÞLðF 
 wD; 1Þ ð3:1Þ
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eigenvalues of the Hecke operators Twk ðp2Þ for gF ðzÞ; then
lðpÞ ¼ w2ðpÞaðpÞ: ð3:2Þ
Consider the classical theta function yðzÞ ¼ 1þ 2Pn51 qn
2
and let GF ðzÞ ¼
gF ðzÞyðzÞ 2 Skþ1ðG0ð4MNÞ; *wÞ:
Let F1ðzÞ ¼
P
n50 a1ðnÞqn and F2ðzÞ ¼
P
n50 a2ðnÞqn be as in Theorem 4.
The crucial step comes from Theorem 2.2 in [O], where the author shows
that for any ﬁnite set of integral weight modular forms f fiðzÞg of weights ki
there is a set of primes with positive Frobenius density such that the
coefﬁcients of fiðzÞjTki ;wip are congruent modulo the prime v as in Theorem 4
for all primes in this set and all of the set of integral weight modular forms.
Apply this theorem to the pair GF1ðzÞ;GF2ðzÞ; and the prime p given by (1.4).
We ﬁnd a set of primes T of positive density such that
GFiðzÞjT *wiq  GFiðzÞjT *wip ðmod vÞ; ð3:3Þ
for i ¼ 1; 2 and any q 2 T : We now recall Lemma 3.3 in [O].
Lemma E. Suppose that gðzÞ ¼P1n¼1 bðnÞqn 2 Skþ1
2
ðG0ð4NÞ; wÞ is an
eigen form of the Hecke operators T
w
k ðp2Þ with eigenvalues lðpÞ where k is
a positive integer. If k ¼ 1; then make further assumption that the image of
gðzÞ under the Shimura correspondence is a cusp form. Let K be a number field
with the property that all the coefficients bðnÞ and the values of w are in OK ; the
ring of integers of K. Let v a place of K over 2. Define s0; n0 by
s0 :¼ ordvðbðn0ÞÞ ¼ minfordvðbðnÞÞg
and let gðzÞyðzÞ ¼P1n¼1 bGðnÞqn: Then,
ordvðbðnÞÞ ¼ s0 if and only if ordvðbGðnÞÞ ¼ s0: ð3:4Þ
Moreover, if there is a prime p[4N for which
ordvðlðpÞÞ ¼ 0; ð3:5Þ
then there exist a set of primes of positive density T such that for any d which
is a product of an even number of distinct primes in T we have
ordvðbðdn0ÞÞ ¼ s0:
Proof of Theorem 4. We apply Lemma E to the eigenforms gF1ðzÞ ¼P1
n¼1 b1ðnÞqn; gF2ðzÞ ¼
P1
n¼1 b2ðnÞqn: Note that (3.5) is satisﬁed by (3.2) and
(1.4). So, by using (3.3) and (3.4), Lemma E gives us a pair of odd integers n0
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minfordvðb1ðnÞÞg and ordvðb2ðdn00ÞÞ ¼ minfordvðb2ðnÞÞg for any d product
of an even number of primes in T : The result now follows by (3.1) ]
We now turn to the proof of Theorem 3. We will need to satisfy condition
(1.4) where a1ðpÞ and a2ðpÞ will be given by (1.2) for E1 and E2; respectively.
In this case, we will prove that aiðpÞ for i ¼ 1; 2 are odd integers.
By direct computation in (1.2), we see that for primes p of good reduction,
the coefﬁcients aðpÞ of the Hasse–Weil L-function are odd precisely when
PðxÞ is irreducible mod p: Let us call PðxÞp the reduction of PðxÞmodulo the
prime p: Then, proving (1.4) is the same as ﬁnding a prime p for which both
P1ðxÞp; P2ðxÞp are irreducible in Z=pZ:We now introduce the Galois Theory
we will need for this purpose. We will follow the notation in Chapter 4 of
Marcus [M].
Consider the tower of extensions Q  K  L; ½L : K  ¼ n; ½L : Q ¼ ln;L
normal over K ; for number ﬁelds K and L: Let R and S be the rings of
integers of K and L; respectively. Let GðL=KÞ denote the Galois group of L
over K :
Assume p is a prime in Z that is unramiﬁed in L: Let p 2 R lie over p and
let q 2 S lie over p:
In this context the decomposition groups D ¼ DðqjpÞ and D ¼ DðqjpÞ of
q over the primes p and p; are cyclic of orders f and f ; respectively. Since, p is
unramiﬁed, we know that fr ¼ n and fr ¼ ln where p ¼ q1    qr; in R and
p ¼ q1    qr in S: Further, the groups D and D have as generators the
Frobenius automorphisms fðqjpÞ and jðqjpÞ; and they satisfy
D ¼ D \ GðL=KÞ: ð3:6Þ
Finally, let
Tf ¼ fp 2 Z prime : ordðjÞ ¼ f g
and
TP ¼ fp 2 Z prime : PðxÞp is irreducible in Z=pZg
and for any set of rational primes T ; dðTÞ will be its density over the set of
primes.
Lemma 5. If PðxÞ is a cubic irreducible polynomial, then dðTPÞ ¼ 1=3
or 2/3.
Proof. It is well known that the Galois group of the splitting ﬁeld of a
cubic polynomial, PðxÞ; over Z is S3 or Z3: Let a be a root of PðxÞ:Using the
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l ¼ 3 and n ¼ 1 or 2. It is a basic fact that PðxÞp is irreducible in Z=pZ if and
only if p is inert in QðaÞ: Furthermore, this is equivalent to f ¼ 3: Indeed, if
LP ¼ QðaÞ the result is a trivial consequence of rf ¼ 3: So we suppose
½L : QðaÞ ¼ 2: If p is inert in QðaÞ; r ¼ r and so f ¼ 3f: However, since S3
has no elements of order 6, f ¼ 3:
On the other hand, suppose f ¼ 3: Then, by (3.6) it is clear that f ¼ 1;
hence rðqjpÞ ¼ 2 and there cannot be more primes in R over p:
Now, since GðL=QÞ ¼ S3 or Z3; there are two elements of order 3 and so
the Chebotarev density theorem give us dðTPÞ ¼ 1=3 or 2/3, respectively. ]
We now prove the technical condition (1.4). In fact, we prove the
following stronger result.
Lemma 6. Let fP1ðxÞ;P2ðxÞg 2 Z½x be two irreducible cubic polynomials
over Q: There exists a set of primes T of positive density such that for any
p 2 T ;P1ðxÞp;P2ðxÞp are irreducible in Z=pZ½x simultaneously.
Proof. Let a1; a2 be roots of P1ðxÞ;P2ðxÞ; respectively and L the
composition ﬁeld LP1LP2 : Again with the notation given above, let L ¼L;
and K ¼ Qða1Þ: Repeating the argument in Lemma 5 with L replacing LP;
we ﬁnd that f ¼ 3f for any prime p 2 TP1 : By considering in the same way
K ¼ Qða2Þ; we ﬁnd that the same is true for any prime p 2 TP2 : In
particular, we have
1
X
3[f
dðTf Þ5dðTP1Þ þ dðTP2Þ  dðTP1 \ TP2Þ: ð3:7Þ
Suppose ½LP1 :Qða1Þ ¼ 1: Then,
P
3[f dðTf Þ5dðT1Þ ¼ 1=½L :Q by
Chebotarev density theorem. The result now follows from (3.7) and Lemma
5. Hence, we suppose that ½LP1 :Qða1Þ ¼ ½LP2 :Qða2Þ ¼ 2: By Galois
Theory we know that
GðL=QÞ ﬃ GðL=LP1Þ  GðLP1=QÞ
and
GðL=LP1Þ ﬃ GðLP2=LP1 \ LP2Þ:
It is clear that ½LP1 \ LP2 :Q ¼ 1; 2; 3 or 6. Hence GðL=QÞ ﬃ S3  S3;S3 
Z3;S3  Z2 or S3; respectively.
If ½LP1 \ LP2 :Qa2; the result is a direct consequence of
P
3jf ðTf Þo2=3;
Lemma 5 and (3.7).
COOGAN AND JIME´NEZ-URROZ398If ½LP1 \ LP2 :Q ¼ 2 we just have to note that f ¼ 1 or 3 and so f ¼ 3
since there are no elements of order 9. The result now follows as in the
previous case since dðT3Þo2=3: ]
Proof of Theorem 3. Let LðE1; sÞ ¼Pn51 a1ðnÞns ;LðE2; sÞ ¼
P
n51
a2ðnÞ
ns
be
the Hasse–Weil L-functions of E1 and E2; respectively. By the modularity of
elliptic curves and Lemma 6, there are inﬁnitely many primes p such that
a1ðpÞ  a2ðpÞ  1ðmod 2Þ:
Hence, the result follows by Theorems 4 and B. ]
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